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I Abstract. We construct ap-adic Eisenstein measure with values 

. in the space of p-adic automorphic forms on certain unitary groups. 

I Using this measure, we p-adically interpolate certain special val- 
ues of both holomorphic and non-holomorphic Eisenstein series, 

_ as both the archimedean and the p-adic weights of the Eisenstein 

I- ' . series vary. 
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1. Introduction 

1.1. Motivating goals. 



1.1.1. Number theory. This paper completes one step toward a con- 
struction of certain p-adic L-functions on unitary groups. 

Starting with the work of Jean Pierre Serre and Nicholas Katz, p- 
adic familes of Eisenstein series have been used to construct certain 
]9-adic L-functions. In |Kat78] . Katz constructs a p-adic Eisenstein 
measure for Hilbert modular forms, which he uses to construct p-adic 
L-functions for CM fields. 
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Continuing in this direction, we construct a p-adic Eisenstein mea- 
sure with values in the space of p-adic automorphic forms on particular 
unitary groups. Like in |Kat78] . we p-adically interpolate certain spe- 
cial values of both holomorphic and non-holomorphic Eisenstein series 
(similar to the Eisenstein series studied by Shimura in [Shi97] ). and we 
allow both the p-adic and the archimedean weights to vary. Unlike in 
|Kat78] but following the theme of |HLS06j . we work with Eisenstein 
series on adelic groups. The reasons working adelically are: 

(1) An ongoing joint project of Michael Harris, Jian-Shu Li, Christo- 
pher Skinner and myself to construct jo-adic L-functions uses 
the doubling method, which requires integrating Eisenstein se- 
ries on adelic groups |EHLS] . 

(2) p-adic interpolation of special values of the Eisenstein series 
on adelic unitary groups studied extensively by Goro Shimura 
(e.g. in |Shi97] ) constitutes a necessary step in the approach of 
jHLSOGllEHLSj . 

In |Eis] , we generalize the measure in this paper to the case of Eisenstein 
series with non-scalar weights. However, the results in the current 
paper are sufficient for allowing the variable conventionally denoted 
"s" in the L-function to vary p-adically. They also are sufficient for 
the conjectured connection with homotopy theory, described below. 

1.1.2. Homotopy theory. Katz's p-adic Eisenstein series for modular 
forms are one of the main tools in Matthew Ando, Michael Hopkins, 
and Charles Rezk's study of the Witten genus, a modular form-valued 
invariant of a particular class of manifolds |Hop95 Hop02 lAHRlO] . 



This invariant gives an orientation in the cohomology theory topological 
modular forms. (The Witten genus was initially defined by Edward 
Witten in terms of a certain formal power series and was later studied 
in terms of jo-adic Eisenstein series by Hopkins.) 

Mark Behrens, Hopkins, and Niko Naumann aim to generalize the 
Witten genus to topological automorphic forms |Beh09j . They expect 
jo-adic Eisenstein series on unitary groups, and in particular p-adic 
interpolation of the weight at oo, to be a key ingredient in their work. 
The measure constructed here gives the first example of an Eisenstein 
measure on unitary groups in which the weight at oo varies jo-adically. 
Although the Eisenstein series in this paper are on U (n, n), they can be 
pulled back in a natural way to [/(n-1,1), which is the group currently 
of interest in homotopy theory. 



1.2. Main results. The main result of this paper is the construction 
in Section H] of a p-adic measure with values in the space of p-adic 
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automorphic forms on the unitary groups U{n,n). As part of the con- 
struction of this measure, we construct a p-adic family of Eisenstein 
series. As a corollary, we obtain a p-adic measure that p-adically in- 
terpolates certain special values of Eisenstein series (normalized by an 
appropriate period) initially defined over C, including non-holomorphic 
Eisenstein series. 

In Sections [2] and [3], we introduce the Eisenstein series with which we 
work. In the C°°-case, these are similar to the Eisenstein series on adelic 
groups studied by Shimura in |Shi97] . The main change to Shimura's 
approach, like in |HLS06j . is at primes dividing p. As explained below, 
it was necessary to modify the construction at p in [HLSOGj . Note 
that Lemma [10] of the current paper provides a formulaic approach to 
constructing a whole class of Siegel sections at p that are well-suited to 
p-adic interpolation of the Fourier coefficients of the Eisenstein series. 

Our approach to ]?-adic Eisenstein series and construction of the p- 
adic Eisenstein measure is a natural generalization of Katz's methods 
in |Kat78j . Although the formulas in our paper look more complicated 
than the formulas derived by Katz in [Kat78j . the reader can plug in 
n = 1 to verify easily that we really are studying similar Eisenstein series 
to those in |Kat78j in that case. (Indeed, a fair amount of cancellation 
occurs in the terms in the Fourier coefficients precisely when n = 1, and 
the indexing is also simpler in that case.) 

1.3. Relationship with prior results. The current paper extends, 
clarifies, and corrects portions of the construction of the measure in 
[HLSOGj . Unlike the construction of [HLSOGj . the measure in the cur- 
rent paper allows 

(1) p-adic interpolation of special values of both holomorphic and 
non-holomorphic Eisenstein series, as the weight of the Eisen- 
stein series varies p-adically. 

(2) p-adically varying the weight of the Eisenstein series at oo in 
addition to p. 

These were not goals of the construction in [HLSOGj . These generaliza- 
tions rely on the differential operators in [Eisl2j and a close adaptation 
of the approach to Hecke characters in [Kat78l Section 5]. 

1.3.1. Clarifications and corrections to [HLSOGj . During the course of 
this work, I came across several issues in the work in [HLSOGj . At 
Skinner's recommendation, I take this opportunity to give corrections 
and clarifications to the following points. 

(1) This paper provides a few corrections to the Fourier coefficients 
in [HLSOGj . which are computed as a product of local Fourier 
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coefficients in both [HLS06] and the current paper. In the no- 
tation of |HLS06j . the most important changes are: 

(a) At archimedean primes, the term det /^[■^■'Q] in the local 
Fourier coefficient in |HLS06l Equation (3.3.5.3)] should 
be Ne/q((3). (Shimura's computation of the local Fourier 
coefficents shows that each of those terms is of the form 
(j(det/3), where cr varies over all the embeddings of the 
totally real field E into Q |Shi97l[Slii82] .) We address this 
change in Warning [H] and Section I2.2.6[ 

(b) At primes v dividing p, the Siegel section in |HLS06t Equa- 
tion (3.3.4.7)] appears not to be a section of the induced 
representation Indp" based on evaluation of this 
section at elements of P^. (It is possible there is a mi- 
nor modification that would make it into a section of the 
induced representation.) 

Additionally, the differential operators in the current pa- 
per and the ]?-adic L-functions in |EHLSj require a p-adic 
section with further properties than those necessary for the 
Eisenstein measure in |HLS06] . Section [2.2.8l of the current 
paper provides a class of p-adic sections that satisfies these 
further properties. 

(c) Away from p and oo, some of the Fourier coefficients are in 
terms of polynomials that actually vary as the Hecke char- 
acter varies. However, [HLS06j seems to treat the values 
of these polynomials as invariant under p-adic variation of 
the Hecke character. (See Section 12.2.91 of the current pa- 
per for formulas for the Fourier coefficients at these places, 
similar to those given in |HLS06] .) This is closely related 
to the next item, which concerns variation of the Hecke 
character. 

(2) Let X be a Hecke character. The approach in [HLSOGj Section 
(3.5)] seems to be to fix the archimedean component of a Hecke 
character on a CM field K and vary just the p-adic compo- 
nent. However, changing only the p-adic component of a Hecke 
character might give a character of the idele group that is 
no longer trivial on K^. Instead, we use a similar approach 
to |Kat78] , which is also necessary for varying the archimedean 
component of the Eisenstein series in this paper. 

Our method, which is based on the approach in |Kat78t Sec- 
tions 5.5, 5.0], seems only to allow for a construction in which 
both the p-adic and the archimedean components of the weights 
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of the Eisenstein series can vary p-adically. See Sections 12.2.131 
and m for further details on our approach. 
As a consequence of ([2]), the measure in |HLS06l Section (3.5)] 
should have been constructed on the product of the group de- 
noted T{1) with the quotient (Ok ®'^p)/0^, where denotes 
the p-adic closure of O^. 

As in the convention for modular forms, our g-expansions have 
coefficients that agree over C with the Fourier coefficients of a 
function of a complex variable in a hermitian symmetric space 
(e.g. the upper half plane and its generalizations). This requires 
normalizing the Eisenstein series on adelic groups by an auto- 
morphy factor. This normalization is missing in |HLS06] . which 
accounts for some of the difference between the g-expansion co- 
efficients used in |HLS06t Theorem (3.5.1)] and in Equation 
fl29|) here. (The normalization in this paper is necessary for ap- 
plying the g-expansion principle to the g-expansions, which is 
necessary for p-adically interpolating the Eisenstein series.) 

1.4. Acknowledgments. I am grateful to Matthew Emerton and Christo- 
pher Skinner for insightful suggestions during the past year, especially 
as I came across modifications that I needed to make to [HLSOGj . Many 
of the suggestions found their way into Section 12.2.81 I am grateful to 
Michael Harris for helpful discussions, responses to my questions, and 
encouragement to complete this project, as well as enthusiastic sugges- 
tions for subsequent related projects. 

I thank Mark Behrens for answering my questions about the conjec- 
tured implications of the jo-adic Eisenstein series for homotopy theory. 
I would also like to thank both Harris and Behrens for alerting me, 
in the first place, to the role of p-adic Eisenstein series in homotopy 
theory. 

This project relies upon the ideas in Nicholas Katz's construction of 
Eisenstein measures, without which the current project would be im- 
possible. This paper also relies heavily upon the helpfully detailed pre- 
sentation of C°°-Eisenstein series in Goro Shimura's papers; if Shimura's 
writing had not been so precise, I would have struggled much more with 
the non-p-adic portion of this project. 

2. SiEGEL Eisenstein series on certain unitary groups 

2.1. Unitary groups. We now introduce the unitary groups with 
which we work throughout this paper. The material in this section 
is a special case of the material in |Shi97t Section 21], and the setup is 
also similar to that in jEisl2] and |HLS06] . 
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Fix a CM field and denote its ring of integers by Ok- Let V 
be a vector space of dimension n over K, and let (fi,f2)y be a non- 
degenerate hermitian pairing on V. Let -V denote the vector space V 
with the hermitian pairing -{vi,V2)v, and let 

W = 2V = V ®-V 

{(vuV2),{v'i,v'2))w = {Vuv[)v + {V2,V2)-V 
= {Vl,v[)v - {V2,v'2)v 

Then the unitary group G = U(W) = {g\{gv,gw) = {v,w)yv,w € W} is 
of signature (n,n). Note that the canonical embedding 

V®V^W 

induces an embedding 

U{V) X U(-V) ^ U{W). 

We write W = Vd®V'^, where Vd and denote the maximal isotropic 
subspaces 

V'^ = {{v,v)\veV} 
Vd = {{v,-v)\veV}. 

Let P be the Siegel parabolic subgroup of G stabilizing in Vd ® V'^ 
under the action of G on the right. Denote by M the Levi subgroup of 
P and by N the unipotent radical of P. 

Two convenient choices of bases. Let ei, . . . , e„ be an orthogonal 
basis for V and (f) be the matrix for (, )y with respect to Ci, . . . , e„. For 
i = 1, . . . ,n, let Ci+n = ^i- Then the matrix for (, )2v with respect to the 
basis ei, . . . , e2n is 

-</) • 



LO = 



With respect to the basis ei,...,e2n, {g,h) e U{V) x U{-V) is the 
element dia.g{g,h) e U{2V). Let o; be a totally imaginary element of 
K prime to p, and let 

(1) 

S 

Note that Srj^S = aco. Using the base change given by S, we see that 
U{2V) is isomorphic to 

G{v) = {glgv'g = v} ■ 
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In particular, 

S-^G{uj)S = G{7]), 
and 

(g+h -a{g-h)^ \ 

( g+h -a(g-fe)0 \ 

gives an embedding of U{V)xU{-V) into ^(r]). Furthermore, S~^P(oj)S = 
P, where P - P{r]) is the parabolic subgroup of 0(1]) stabilizing V'^ in 
Vd^V'^ under the action of G on the right, and P(w) is the stabilizer 
in G(uj) of V = {{v,v)\v e V} inside of ^ © -V under action on the 
right. The Eisenstein series in this paper are on G{'r]) with respect 
to the parabolic subgroup P = P{rj) stabilizing (so they are Siegel 
Eisenstein series). 

Note that the choice of basis for V over K fixes an isomorphism 

(2) M^GL;,(y), 

identifying M with subgroup of G consisting of all elements of the form 
diag(*/i-i,/i) with h in GhK{V). 

Choice of a Shimura datum. Let E be the maximal totally real 
subextension of the CM field K. Our setup is as in [HLSOGj Section 1.2]; 
we review the details relevant to our construction. We fix a Shimura da- 
tum {GU{2V),X{2V)), and a corresponding Shimura variety Sh{W), 
according to the conditions in [HLSOGj and in |Eisl2j . Similarly, we 
attach Shimura data and Shimura varieties to G{U{y) x U{y)). Note 
that the symmetric domain X{2V) is holomorphically isomorphic to 
the tube domain T-Ln consisting of [E : Q] copies of 

{Z ^ Mn.niCM'z - Z) > . 

Let tCoo be the stabilizer in G'(M) of a fixed point 

(3) J = (J.) 

in Y\a:E'^qT^n, SO wc can identify G(M.)/Koo with Tin- Given a compact 
open subgroup /C of G(Af), denote by icSh(W) the Shimura variety 
whose complex points are given by 

G{Q)\X xG{Af)llC. 

This Shimura variety is a moduli space for abelian varieties together 
with a polarization, an endomorphism, and a level structure (dependent 
upon the choice of K,). 
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Relationship between automorphic forms on Tin and on G^t]). 
Automorphic forms f{g) of weight p viewed as functions on G{rj) and 
automorphic forms f{z) of weight p viewed as functions on are 
related via 

p((CJ + D),(C*J + D))/(<7J), 

As explained precisely in |Shi97t Section 22] , an automorphic form / 
on G{rf) pulls back to an automorphic form f{g, h) on U{V) x U{-V) 
which satisfies an automorphy property in terms of g (independent of h) 
and an automorphy property in terms of h (independent of g), which at 
each factor is completely determined by the automorphy property of / 
on G{r]). (The details of the spaces on which G{V) acts are unnecessary 
for the current paper. They are discussed in |Shi97t Sections 22, 6].) 
In particular, a p-adic family of Eisenstein series on G{ri) pulls back to 
a p-adic family of automorphic forms on U{V) x U{-V) (parametrized 
by the weight of the Eisenstein series). 

2.2. Certain Eisenstein series. Choice of a CM type. Let p be 

a rational prime that is unramified in K and such that each prime of 
the maximal totally real subfield E ^ K dividing p splits completely in 
the CM field K. Fix embeddings 

ioo :Q ^ C 

and fix an isomorphism 

t : Qp ^ C 

satisfying l o = t^. From here on, we identify Q with Lp{Q) and 

ioo(Q). 

Fix a CM type S for K/Q. For each element a £ Hom(£', Q), we 
also write a to denote the unique element of E prolonging a ■ E ^ Q 
(when no confusion can arise). For each element x e K, denote by x 
the image of x under the unique non-trivial element e e Gal(A'/i?), and 
let a = a o e. 

Given an element a of F, we identify it with an element of F (2) M via 
the embedding 



(4) 
(5) 



F^ F^R 
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We identify a e K with an element oi K <S) C ^ (F <S) C) x (F ® C) via 
the embedding 

a ^ ((o-(a))^,E, (a-(a))^,s) • 

2.2.1. A unitary Hecke character of type Aq. Let m be an integral ideal 
in the totally real field Oe that divides p°°. Let x be a unitary Hecke 
character of type Aq 

of conductor m, i.e. 

Xvia) = 1 

for all finite primes v in K and all a e such that 

ael + xviyOKv 

Let iy{cr) and k{a), a 6 E, denote integers such that the infinity type 
of X is given by 

(6) n ((7(6)a(6))^^"("^ , 

i.e. X is of infinity-type 

creS creE ^ ^ ' 

Remark 1. Given an element a e K, v/e associate a with an element of 
K ® R, via the embedding 

a ^ (cT(a))<^6s, 

so for ae K, 

\v\oo I (jeS 

Conventions for adelic norms. Let denote the adelic norm on 
E''\K\ such that for all a e A^, 

V 

where the product is over all places of E and where the absolute values 
are normalized so that 

g = the cardinality of Oev\'^^Evi 
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for all non-archimedean primes v of the totally real field E. Conse- 
quently for all E, 

n I'^i^' = n 

where the product is over all archimedean places v of the totally real 
field E. We denote by |-|^ the adelic norm on if \A|^ such that for all 
a 6 A|^, 

For a e K and v a place of E, we let 

\al = \aa\^ . 

2.2.2. Siegel Eisenstein series. Let x be a unitary Hecke character that 
meets the conditions of Section [2.2. 1[ For any s € C, we view X' \'\~k ^ 
a character of the parabolic subgroup P{Ae) = M{Ae)N(Ae) via the 
composition of maps 

„ modiV the iso in (O iso fixed in Section [ZTI „^ dot „^ x\-\k „x 
P > 1\1 > (jLj^[V ) > LrLnl^A ) > 'L > . 

Consider the induced representation 

(7) /(x, s) = In^lil] (x ■ \-\k) - ®^.Ind?g; (x. \0 , 

where the product is over all places of E. 

Remark 2. Although it is in some contexts conventional to use nor- 
malized induction and consider x " N/f "''^ instead of X • H^, we leave 
out the factor |-|^^^ for now. (It just comes from the modulus charac- 
ter and will reappear when we compute the Fourier coefficients.) The 
reader who prefers to include n/2 in this expression may just regard it 
as absorbed into s. 

Given a section / e /(x, s), the Siegel Eisenstein series associated to 
/ is the C-valued function of G defined by 

Efig) = E fiig) 

'yeP(E)\G(E) 

This function converges for > and can be continued meromor- 
phically to the entire plane. 

Remark 3. If we were working with normalized induction, then the 
function would converge for Dl{s) > |, but we have absorbed the ex- 
ponent I into the exponent s. (Our choice not to include the modulus 
character at this point is equivalent to shifting the plane on which the 
function converges by |.) 
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All the poles of Ef are simple and there are at most finitely many of 
them. Details about the poles are given in [Tan99j . 

2.2.3. Conditions imposed on the choice of a Siegel section. We con- 
tinue to work with a unitary Hecke character x meeting the conditions 
of Section [2.2. 1^ which has infinity type given by Let k{a) and 
i^(cr) be as in 

In order to construct an Eisenstein series that behaves nicely with 
respect to p-adic interpolation, we shall work with a section / e s) 
that meets the following conditions (among other conditions that we 
will specify as they become relevant): 

Condition 4. There is a compact open subgroup U of G(Ae) and a 
Q^'-valued character p of rii.ip such that for all m e [/ and h e G{Ae), 

where k = (k^cr))^^-^, v - (z^(cr))o-eE5 and Jt'^(z) is defined for all z € V-n 
and 




by 

(8) J^'^iz) := n(deta.)'^(-)det(c.^. + rf.)'=('^) 

creE 

= n detic^z^ + n det (cjz^ + d^Y'^''^ . 

o-eS creE 

Condition 5. The section / factors as / = ®vfv with € Indp^^"^ (^Xv N 
for each place v of E. (This condition allows us to express the Fourier 
coefficients as a product of local factors, which is important for our 
approach to p-adic interpolation of the the Fourier coefficients.) 

Remark 6. Many different choices for the local sections fy lend them- 
selves nicely to construction of a p-adic Eisenstein measure. The most 
constrained choices are at p and at oo. 

2.2 A. Preliminaries on Fourier expansions. Exponential characters. 
Before explaining the consequences of Conditions H] and El we need 
to introduce some conventions for exponential characters. For each 
archimedean place f e S, denote by e„ the character of E^ (i.e M) 
defined by 

p \ _ (27rix„) 
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for all Xy in . Denote by the character of i? (81 M defined by 

Following our convention from (jl]), we put 

eoo(a) = e^((a(a)),,s) = e^-t-^^/o^ 

for all a e E. For each finite place v of E dividing a prime q of Z, 
denote by the character of E^ defined for each e Ey by 

where y is an element of Q such that tr e^i<!^Jk^v) - y ^ Zp. We denote 
by e^^ the character of A^; defined by 

V 

for all X = (xy) e A^;. 

Remark 7. Note that for a a e E', we identify a with the element 
(av{a))y e A^;, where 0"^, : F ^ is the embedding corresponding 
to V. Following this convention, we put 

(9) BAsia) = Ylev{(rv{a)). 

for all a e E. 

Consequences of Conditions 3] and O For any subring R of 
K ®F F^, with V a place of F, let Her„(i?) denote the space of n x n- 
matrices with entries in R. 

By |Shi97t Proposition 18.3], Condition H] guarantees that Ef has a 
Fourier expansion such that for all h e GLt^{K) and m e Hern(i^) 

"^((0 T)(t 

with c(/3, h; /) a complex number dependent only on the choice of sec- 
tion /, the hermitian matrix /3 e Her„(/C), for finite places v, and 
(/i • for archimedean places of E. 

By |Shi97t Sections 18.9, 18.10] and Condition [5l the Fourier coeffi- 
cient is a product of local Fourier coefficients determined by the local 
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nXer„(w.)^"((i o)(o r)( k)) 

(10) 

Cin,K) = 2"("-i)[^^«/2 iDpr'^ |Z)^H"'"("-i)/" , 



e^(-tr (/3^mi,))(im^ 



where Dp and D/^- are the discriminants of K and F respectively, 
f3y = av{/3) for each place v of F, and denotes the Haar measure on 
Her.„(i^'„) such that: 

/ dvX - 1, for each finite place u of F 

jRern(OK^FFv) 

(11) 



A dxjj A (2 ^dxjk A dxjk) 

j=l j<k 



, for each archimedean place v of F. 



(In Equation ( fTTl) . x denotes the matrix whose ij -th entry is Xij.) 

Warning 8. Given (3 € Her„(ir), we shall sometimes write ey((3) when 
we mean ey(a^((])), in keeping with the convention of Equation @. 
(This agrees with Shimura's convention in |Shi97] and |Shi82] . ) Note 
that this notational ambiguity in Shimura's papers seems to have led to 
an error in (3.3.5.3) and in computation of the Fourier coefficient at 
oo in |HLS06j . In particular, the factor det 13^^'-'^^ in |HLS06[ Equation 
(3.3.5.3)] should be detdlo-eE ^(Z^))- This correction is necessary for 
our construction of the Eisenstein measure. 

Fourier coefficients at points on the Levi subgroup. We con- 
tinue to work with a section / = that lies in the induced represen- 
tation ([7]) and meets all the above conditions. 

Lemma 9. For each h e GLn(Aj^) and [3 € Her„(K), 

(12) c(/3, h- f) = xCh-') |det (^r^ • c{'h-'ph-\ 1„; /). 
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Proof. As in Equation ([1]) , let = ( -i^^ o"' ^(^) denote the 



matrix ^ ^ ^j. Observe that for any nxn matrix m, 

77 • m(/i) • 77"^ = m{^h'^) 



Therefore 



rj ■ ^ j ■ m{h) = (?7 • m(h) ■ f] ^)r] yn{h) ^ |q '^j m(h) 



So for any place v oi E and section e Indp|^''^(x, s), 

(13) /.(r^lj 7)m(/..)j.x.C/^V^)|*/^V^['V.(^(j 

The lemma now follows from Equation fll3p and the fact that the Haar 
measure satisfies dyQiyX^hy) = |det {^h.^ ■ /i^,)] dy{x) for each place v 
oiE. ^ m 

2.2.5. The sections at archimedean places of E. As in Condition HI let 
k = (^(cr))o-6s and ly = (i^(cr))o-£s, and let be defined as in Equa- 
tion (IH]). Given a unitary Hecke character x nieeting the conditions of 
Section [2.2.11 a complex number s, and J as in Equation (JSj), we will 
always take the section at the archimedean places to be of the form 

/i''^(.;J,X,s)€®.|ooInd?g](x.|l:''), 

where 



k 

(^Ja{z)Ja{z)y := Yl (det(cCT2;^ + d„)det{c^Za- + rf^)) 



2 



for each a = e HtJioo G{Ev). The relationship between ft^'^{a; J, x, s) 

and /^'''(a; z ■ 1„, x, s) is given by 

(14) ft'ia; J, X, 5) = /i'^(a(?-i; zU, x, s)ft''{g-\ n„, X, ^^)-\ 
where is any element of G such that gi = iln- 
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2.2.6. The Fourier coefficients at archimedean places of E. Recall that 
by Equation (fT2|l . the Fourier coefficients c(f3,h;f) are completely 
determined by their values at /i = 1„. Following Shimura, we give 
the Fourier coefficients in terms of the section /^''^(•; x, s) and 
note that Equation f|T^ relates the Fourier coefficients in terms of 

/oo'^'C*; J, X) ■s) = '^vfv'" to those in terms of foo''{»;iln,X^ s)- The non- 
zero Fourier coefficients of the Eisenstein series at the archimedean 
primes, evaluated at m(l„) are given by the following product over all 
archimedean places of E: 

V I oo 

= n L.„,c, f-'" ((? ) (I T)) (-.(«™.o)<'™. 

-1 



v\oo -'Her„(C) 



V I oo 



nr kjcry) fc(o-u) „ 

/ det(i + m^) 2 det (-i + m^) 2 e(tr (-(T„(/3)m^))dm„. 

^|^JHer„(C) 



By |Shi97[ Lemma 18.12], which is proved in |Shi82] . each of the above 

local integrals converges at least for + > 2n - 1 and can be 

meromorphically continued to a meromorphic function of (k{a),s) e 
C X C. When there is an integer k such that 

k k{(r) 

s = — = for all cr e L 

2 2 



(i.e. when Ja''^{zy^(Ja{z)Ja{z))^'^ is a holomorphic function of 2; € 
Hn), |Shi83t Equation (7.12)] describes the archimedean Fourier coef- 
ficients precisely: 

(15) 

= 2(i-")"r"'=(27r)"'= Yl r{k - t) J (j^(det /3)'=-"e {itr (a^(/3))) , 

for each archimedean place v of F. Observe that when k > n, 



^c.(/3,/^;/^''(.;^l„,X,^))=0, 



unless det(/?) and det{h) 4^ 0, i.e. unless (3 is of rank n. 
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2.2.7. Conventions at places of E dividing p. We now establish certain 
conventions that we will use in Section 12. 2. 8^ when we define the Siegel 
sections at places of E dividing p. 

CM Types. As explained in |Kat78t Section (5.1.10)], the choice of 
the CM type S is equivalent to the choice of a prime in K over each 
prime in E dividing p. We write f e S to mean v is a. prime in K 
dividing p that induces a p-adic embedding ipO a for some embedding 
(T £ E, and we associate v e E with this embedding cr e E. When no 
confusion can arise, we write v to denote the prime in E lying above 
a prime v m. E dividing p. For each element x e K, denote by x the 
image of x under the unique non-trivial element of e e Gal{KlE), let 
V = e(f ), and let a = a o e. Let 

(16) 0s : ^ ® Qp ^ -E ® Qp 

be the projection obtained through the composition of maps 

K igi Qp -» Y\ (?^-adic completion of K) -> ]~[ (v-adic completion of E) = E ® Qp 

From here on, we identify K i^Qp with (E Qp) x (i^' (g) Q^) via the 
canonical ring isomorphism 

(17) K®Qp^{E®Qp)x{E®Qj,) 

X ^ (0s(a;), 0s(^)) = ((0-(2;))^eE, ((T(x)^es) 

Conventions for certain p-adic maps. The isomorphism f|T71) in- 
duces an identification ofV^Qp with a module over (E ® Qp)x(£' Q^). 
Similarly, the isomorphism f[T7|) identifies modules over Ok ® Zp with 
modules over (Oe ® Zp) x (Oe ® Zp). Given continuous maps (most 
often characters) 

Xi,X2--GK(E®Qp)^C;, 
we write (xi)X2^) niean the function on GLn(i^ Qp) defined by 

(18) a-Xi(0E(a))x2(0s(*a-i)), 
so 

*a-i-Xi(0E(*a-i))x2(0E(«)). 

Hermitian matrices. In particular, if /3 e GLn {Ok ® Zp) is Hermitian, 
then 

/3-Xl(0E(/3))X2(0E(r')). 

We identify the space of Hermitian matrices with its image under the 
map induced by 0s (i-e project onto the first factor in the map (fT7|) ). 
The unitary groups U{y) and U{W) at p.Let H = U{V) and G = 
U{W) = U{2V) (as in Section Ell]). As in Section Ell fix a basis 
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ei, . . . , e„ for y over K. We identify and Vd with V via the isomor- 
phisms 

V ^ Vd 

induced by the choice of basis ei,...,e„. Via the isomorphism f fT7|) . 
we identify y (2) Qp with the direct product of two n-dimensional vector 
spaces over E^Qp, each of which is fixed under the action of the unitary 
group H{E®Qp) and which are swapped under the involution induced 
by complex conjugation e on K. Similarly, we identify (8)Qp with the 
direct product of two 2n-dimensional vector spaces over E ^ Qp, each 
of which is fixed under the action of the unitary group G{E® Qp) and 
which are swapped under the involution induced by e. 

For each prime f e S, we use the following identifications, induced 
by the projection map (j)^, defined in (ITB]) : 

H{E,)^GI.kAV®K,) 
G{E,)^GhKAW®K,). 

For each prime f € S, the choice of basis ei, . . . ,e„ together with the 
above isomorphism also induces identifications 

(19) G{E,) ^GUn{K,) ^ GUn{E,). 

The parabolic and Levi subgroups at p. Let f be a prime in S. The 
image of M(£'^) in GL2n{Ey) G{E^) under the above identifications 
is 

The isomorphism ([2]) together with the isomorphism (|T7|) gives iden- 
tifications 

M{E,) ^ GLkSV ®k K,) X GI^kAV ®k K,) 

(20) ^ GLs„ {V ® E,) X GLs„ {V ®e E,). 

Let m = diag(A,_B) e GL2n{Ev) be an element of the Levi subgroup 
M(E^). The image of m under the isomorphism fl^Ul) is {A,^B^^). 

The image of the parabohc subgroup P(E®Qp) in GL2„(-E^) under 
the identification of G{E ® Qp) with GL2n(^„) is 

A,5€GL„(^,),C€M„,„(E,)|. 
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Let a be an element of P{E'^Qp) whose image in GL2n(-E(8)Qp) under 

(b c\ 

the above identification is I g ^l- Let Xp denote the restriction of 
the Hecke character x to 



tjeS iieS tjeS veil 



Writing 



i-i" = rfi-r' 
I ip 1 1 1 III 

v\p 

as in f|T8l) and evaluating Xp • Np^ on a as in Section [2.2.2[ we have that 
Xp(«)Hr = Xi(detA)x2(det5) [] |det(5-U)[' . 

2.2.8. Sieg el sections at p. We modify the Siegel section in |HLS06j . be- 
cause it does not preserve certain information about determinants that 
is necessary for the interpolation of special values of non-holomorphic 
Eisenstein series. Since different sections at p are likely best in different 
contexts, we also give a recipe for constructing certain kinds of sections 
at p that can be used to produce an Eisenstein measure in Section HI 
At the end of this section, we discuss some natural generalizations to 
our construction. 

Given the character Xp ■= Ylv\pXv of (K^QpY = (E^QpY x{E^QpY 
(where the isomorphism is as in (ITTl) ). we write Xp = (Xi)X2^); using 
the convention established in Section 12.2.71 

Let V ^ K he a. prime in E. For any fC-vector space U, denote by 
the vector space U ®k Kv- To each Schwartz function 

$^ : Homi^„(K, K,d ® K"') ^ K^, 

we attach a section 

/»-.i„d?;i:i(x„.N;") 

as follows. Consider the decomposition 

Hom^„ (K, W,) = Homx. (K, Vd,,) ® Homx. (K, ) 
X = {Xi,X2). 

Let 

X = {X e Hom;,„(K, W,)\X{V,) = K'} 

= {(0,X)|X -Vy is an isomorphism} . 
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Note that for any X € X, the composition ^ is an isomor- 

phism of V with itself. So we may identify X with AvLtxyiVy). Via the 
conventions estabhshed in Section 12.2.71 we identify each g e G(Ey) 
with its image in GLx^iW^) GL2n{Ky) GL2n{Ey). We define the 
section e Ind^gj (x. • \0 b>S 

(21) 

/*^(^7)==X2,.(det^)|det^f f <l>(X<7)xr,ix2,.(detX)|detX|f d^X 

It is a simple computation to check that, indeed, e Indpl^"^ [xv Wj'^ 
Fourier expansion at p. Our choice of a section well-suited to p-adic 
interpolation relies upon Lemma [TOl which we state below. 
Given a Schwartz function 

F : Homj^, (K, Vd,,) e Homx„ (K, K^) - 

(Xi,X2)-F(Xi,X2), 

we denote by PF{Xi^X2) the Fourier transform of F in the second 
variable, i.e. 

PF(Xi,X2)= r F{X^,Y)e';^-^''''hY. 

JM„iEv) 

Note that 

PPF(Xi,X2) = F(Xi,-X2). 

Lemma 10. @ Lei F 5e a compact subgroup of GL^(Oev) > '^^'^ ^et F 
&e a locally constant Schwartz function 

F : HomKM, Vd,.) © i/om,,„(K, K'') - 

(Xi,X2)-F(Xi,X2) 

whose support in the first variable is F and such that 

F(X,'X-'Y) = xiX2\det{X))Fil,Y) 

for all X in r and Y in Mn{Ey). Then the Fourier coefficient 

c(/?,l;r^™)=:/r™ 



""^A typo in the exponents in Equation (j2ip appeared in the first three versions 
of this paper on the arxiv. The correct expression appears here. 

^There were three typos in Lemma fTUK aU concerning volume (F)) that appeared 
in the first three versions of this paper on the arxiv. The correct statement and 
proof appears here. 



20 ELLEN EISCHEN 

affPF(-x,Y) atf3eMn{E,) ts 

c(/3, 1; fn-x,Y)^ = /r^-^'^Hl) = volume(r) • 

Proof. Throughout the proof, we drop the subscript v from $ (to sim- 
phfy the notation). For any Schwartz functioiil^ 

= /" x7^X2(detX)|detX|''' [ <S> (-X, -XN) e^-^' ^'^'^^UNd" X 

= f xI^X2(detX)|detX|*' f <S> (-X, N) ei*"' ^'^^'^ dNd'' X 

= [ xr^X2(detX)|detX|*'P<I>(-X,-/3X"^)d''X. 

So 



= f xr'x2(detX)|detX|^^PPF(X,-*X-"/3)dxX 

w/ GLn( En) 

xr^X2(det X) |det F(X, 'X-^'P)d''X 



I GL„(Ev) 

J GLn{Ev) 

= volume(r) •F(l,*/?). 

■ 

A choice of a Schwartz function. We now choose specific Schwartz 
functions F meeting the criteria of Lemma [TUJ These Siegel sections 
play a key role in our construction of the Eisenstein measure. 
A parahoric subgroup ofGL^^E^). Let (a, 6) = {{a{a),b{a))„^^ be the 
signature of {vi,V2)v- For each v e E, let 

o-v = ni^y + ••• + 

be partitions of a{(Tv) and b(ay). 

Let be the standard parabolic of GL^{Oev) corresponding to the 
partition n = rii^^ + ■■■ + nr(v),v Write 

for the decomposition of into its Levi and its upper triangular 
unipotent U^. (So has non-singular blocks running down 

the diagonal and zeroes everywhere else.) Given m e Ly, we write 



typo in the exponent of |detX| the proof of Lemma [TUl appeared m the first 
three versions of this paper on the arxiv. 



A p-ADIC EISENSTEIN MEASURE FOR UNITARY GROUPS 21 

m = (mi, . . . jTUr), where each rrii is an rii^y x matrix in GLniOEv)- 
Let be the parahoric subgroup corresponding to (i.e. the terms 
below the ^t,-blocks along the diagonal are in PvOev^ where p„ 

is the prime over p corresponding to v), and write 

where A^^ is the lower triangular unipotent for the parahoric. 

A convenient choice of Schwartz functions supported on the parahoric. 

For each t> e E, let /ii^^, . . . ,Hr{v),v be characters of Oe^i and let /i^ = 
(/ii_t,, . . . , iir{v),v)- View each character /ij^t, as a character of GL^ (Oev) 
via composition with the determinant. 

For nmu € / (with n, m, u in the lower unipotent radical, Levi, and 
upper unipotent radical, respectively), we define 

veT. 

Note that if each /Xj ,; is defined by iii^x) = x'^ for some integer d, then 

<pfj.,v{n'mu) = det{miY---det{mr(v)Y = det(nmuY . 
We extend the function 0^ ^, to all of M„(i?„) by defining 

0M,-(^) = 

for all X not in ly. 

Let c > max^£s,i<i<r(l,ordp(conductor(/ij ,;))), and let F = F(c) = 
YlveT. ^v{c) be the subgroup of / = IltjeE whose terms below the rii^y x 
nj^^-blocks along the diagonal are in P^Oev for all v. 

Let $1 be the function of Mnxn{OE) supported in F^(c) (and ex- 
tended by to all of Mnxn^OEv)) such that 

for all X e Ty(c). 
Defintl] 

(22) $^„,^„(Xi,X2) = volume(F,)-i$i,,(-XO-0.,.(X2), 
where 

'^v = Xllv ■ X2,v ■ fJ-v 

and (f}i,^v denotes the Fourier expansion of (f}^,^^ (so that ^xv,fj.v is a partial 
Fourier expansion in the second variable in the sense of Lemma [TUi) . 
We define 

(23) Z'^'^" = Z*^'"'' . 

^Prior versions of this paper had instead of X2 on the right hand side of 
Equation P^. That was a typo. 
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By Lemma fTOl the /9-th Fourier coefficient of f^'>^^ is 
(24) f^^'^-M'f^)- 

Observe that f^''^" = whenever /3 is of rank less than n and is, in fact, 
whenever /3 ^ F. Also, note that the above definitions and discussion 
still hold if we replace each character be a locally constant function. 
We write /i = Uvea fJ-v, V = Uvea'^v, = Uves(<P^^,v) , and f^^f" = 

Remark 11. In this remark and the following remark, we suppress the 
subscript v where it is clear that we are working at the place v. Let 6 
be an n X n matrix, and let 7 be an invertible nxn matrix with entries 
in Oe- Note that one can modify the definition of the local sections 
given in Equation (12T!) so that the integral is again over GL^{Oev) 

but $ is evaluated at (X('yCj'^),X(CS + D)) for each g = 

Then we can define $ so that we obtain a different section from the 
one given above, but with similar Fourier coefficients to the ones given 
above (the main difference being the support of the Fourier coefficients). 
There are also other relatively minor modifications one can make to 
this construction to obtain other local Siegel sections at p with Fourier 
coefficients of a similar form. 

Remark 12. The viewpoint of highest weight theory (see, e.g., |ShiOO[ 
Section 12]) suggests there is a more natural way to define (f)^, namely in 
terms of leading principal minors. Indeed, Christopher Skinner points 
out that, from that perspective, it is more natural to replace (p^, with 
the function defined as follows. 

Denote by X the subset of Mn{OEv) consisting of matrices 

with A 6 Ma^(OEv), such that the determinant of each of the leading 
principal rii ,; + ---nj^^-th minors of A is in Oe^ for ^ = 1, • • • ,t{v), and the 
determinant of each of the leading principal nt(^v)+i,v + ••■'^j,u-th minors 
of D is in Oev for i - t{v) + 1, . . . , r(v). Denote by Ai the determinant 
of the leading principal i-th minor. 

Now replace 0^ by the function that is supported on X and is defined 

for ^ = 1^ d)^^^^ 

t{v)-l r(v)-l 
i=l i=t(v)+l 
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This new definition of (f)u agrees with the prior definition of (p^, on 
r but has larger support. The Fourier coefficients still have the same 
form; the only change is that they are supported on a larger group. 
Either choice of (pi, is fine for the application of the differential operators 
and construction of the Eisenstein measure in the current paper. For 
|Eisj ■ however, it is more natural to use this latter definition of (j)u. 

2.2.9. The sections at finite places of E not dividing p or oo. Let b 
be an ideal in Oe prime to p. For each finite place v prime to p, 
|Shi97t Section 18] explains how to define sections - e 

Indp|^"^(Xi,, s) with the following property: By |Shi97t Proposition 

19.2], whenever the Fourier coefficient c(/3, m(l); /^) is non-zero, 

(25) 

2 '"'"-'^ -1 

n c(/3,m(l);/^) = 7VB/Q(t.OB)-" U {^s ~ ^Xe'tV U P/3,„,6 (xb(^«)"' k^l'^) , 

where: 

(1) the product is over primes of E] 

(2) the Hecke character xe is the restriction of x to E; 

(3) the function P/3,t,,b is a polynomial that is dependent only on /3, 
V, and b and has coefficients in Z and constant term 1; 

(4) the polynomial P/3,v,b is identically 1 for all but finitely many v, 

(5) r is the Hecke character of E corresponding to K/E, 

(6) Tiy is a uniformizer of Oe,v, viewed as an element of K"" prime 
to p. and 

(7) 

L^{r,XF'r') = n (1 - X.CttJ-VXtt,) |7r,|:)"' . 

n-l-pcxjcondT 

Note that only the factor IlD-fpoo Pi3,v {xf(tTv)'^ Wv\t'^) depends on /3. 

Remark 13. The above sections away from jo, as constructed in |Shi97] . 
are built from characteristic functions of lattices (which one can choose 
to have certain properties corresponding to the choice of ideal b and 
the desired level of the Eisenstein series away from p). These are the 
same as in [HLS06] . 

2.2.10. Global Fourier coefficients. Recall that by Equation (Q, the 
Fourier coefficients c{/3,h;f) are completely determined by the coeffi- 
cients c(/3, In] /). In Proposition [HI we combine the results of Sections 
I2.2.6[ I2.2.8[ and 12.2.91 in order to give the global Fourier coefficients of 
the Eisenstein series Ef. 
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Let X be a unitary Hecke character meeting the conditions of Section 
12.2.1^ and furthermore, suppose the infinity type of x is 

(26) 0-^a-^(| + K^))(a-a) 

(i.e. k[a) = k for all u € S). Let c{n, K) be the constant dependent 
only upon n and K defined in Equation flTU]) . 

Proposition 14. Let 

(27) 

/.,.,.,x - /;..,.,x.b - /^'^ ® /i''^ (•; ^In, X, ^) ® /" e ind^l^-j (x • N?) , 

with X OS m Equation fl2B]) . /^'^ i/ie section at p defined in Equation 
( 12^ . /oo''^ ^/ie section at oo defined in Section \2.2.b\ and the section 
away from p and oo defined in Section \2.2.iA 

Then all the nonzero Fourier coefficients c{j3, 1„; fk,u,fi,x) ^''^^ given 

by 

(28) D(n,K,b,p,k) n ^'/3,^,,6(xi5K)-'|7r„|;;)</.(^-l^^^)('/3) n^4det/3)'=-"e(itrE/o(/3)). 

where 

D{n,K,b,p,k) 

(1 K r-B:01 

/ n-l \" \ 

2(l-n)n.-nfc(2^^nfc / n(n-l)/2 -Q p(^_^^ ]~[ (fc - i, XfiV' ) 

V t=0 / / 1=0 



Proof. This follows directly from Section I2.2.4[ Lemma dUl and Equa- 
tions ([21D, and ([IS]). ■ 

2.2.1L q-expansions. Let / = € (2)i,/(xt,, s) be a section whose 

component at oo is /to'^, defined as in Section r2. 2. 61 For z = x + iy € "H^, 
h 6 GLn(AKj), and a e riuioo Cj; such that aJ = 2, we put 

i?,,,(z; /i, X, /u, s) := (J)i?^(m(/.)a) . 

Then, as explained in |Shi97| Lemma 18.7(2)], one can give the Fourier 
expansion for the function Ef{z] h, k, v, s) of the variable z in terms of 
the Fourier coefficients given above. (Note that Equation (fl^ gives 
the correction factor for using J e T-Ln instead of i.) 
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In particular, when the infinity type of x is as in ( l26l) and / is the 
Siegel section defined in Equation ( ETIl . E'^.y (2^; h, |) is a holomor- 
phic function of z such that 

D{n, K, b,p, ky^Ek,u {^z; 1, x, ^ j = 

E n ^'/3,.,b(xi?(^.)-'k.|')<A(;,-i^,^)(*/3)n^«(det/3)'=-"e^(tr(/3z)). 

(The above sum is over /3 € Her„ such that the Fourier coefficient at /3 
is nonzero.) Observe that for this choice of /, the Fourier coefficients of 
Ef{z; h) are independent of z and algebraic and p- integral. Let /C be the 
compact subgroup of G(A) so that we may view E^ i, as an automorphic 
form on the complex points of !cSh{W) (i.e. K, corresponds to the above 
choice of local Siegel sections). 

Denote by Gk,v,x,iJ. the automorphic form on the ]cSh{W) whose al- 
gebraically defined g-expansion (i.e. its value at the Mumford object, 
generalizing the Tate curve; see |Lan08t ILanllt IHar86j for more on 
algebraic g-expansions) at a cusp L is 

(29) Gu,u,^M = E («(/3,x)0(^-i^,^)(*/3)n^^(det/3)^-'^]/, 
where 

«(/3,X)= n Pp,v,b[xE{T^vy^\T^vt) , 
v\poo 

k > 2n - 1, and x is a Hecke character meeting the conditions of Sec- 
tion 12.21 Note that the g-expansion coefficients of Gk,u,x,fi{Q) are the 
same as those in the Fourier expansion of the holomorphic function 
D{n,K, b,p,k)~^Ek^ui_z; |) given above, and the value of Gk,u,x,^J. 

at a C-valued point of fcSh{W) is the same as the value of E^^u at the 
corresponding point z. 

An argument similar to |Kat78t Theorem (3.4.1)] shows that Gk,v,x,ii 
is, in fact, the g-expansion of a p-adic automorphic form (simply the 
image under the canonical map from the space of automorphic forms 
over to the space of p-adic automorphic forms), which we also 
denote by Gk,u,x,i^- 

Remark 15. Relationship with Katz's Eisenstein series for CM- fields 

Plugging n = 1 into Equation (128!) and comparing with |Kat78t Equa- 
tions (3.2.6)-(3.2.8)] shows that for n = 1, our Eisenstein series are es- 
sentially those in |Kat78j . and for n> 1, our Eisenstein series (and the 
Fourier coefficients in Equation (1281) ) are a natural generalization of 
those in |Kat78j . 
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In particular, since the terms in Equation ( l28i) look more complicated 
that in jKat78j . we note that due to cancellation when n = 1, we obtain 

c{1,K) = \DeV^'\ 

b,p, k) = \De\-"^ N{h) ((-27rO' nky^f''"^^ L^{k, Xe'V ■ 



2.2.12. Certain p-adic Eisenstein series. Via the isomorphism ( flTl) . we 
identify Ok ® with (Oe^'^p) x (C£0Zp). For each v 6 S, let 
= r(v) be a positive integer, and let r = (r^,)^. Let 

(30) r(r) = nC?i..^x-xC?i.:. 

r„ copies 

Let /i be a locally constant function on T{r), extended by to all 
of YIvgt. ^Ev X ••• X Oev Fix integers k and z^(cr), and let v - (z/((t))o-. 

s- ' 

V 

r„ copies 

Let F be a locally constant function on {Ok ® extended by to 
all of Ok ® Zp, such that 

(31) ne)=n 44 



for all e e (9^. Then there is an integer d and Hecke characters ^i, • • • , 

of of conductor dividing and infinity type IlcreE (a)^^^'^*^'^'''' such 
that 

F(a) = Fi(a) + - + Fd(a), 
Fj — J~[ (^j^ti 

v\p 

for all a e {Ok ® ^pY ■ Let 

Lemma 16. Given such a locally constant function F, there is an au- 
tomorphic form Ep^^ defined over Ok of weight k, y, whose q-expansion 
is given by 

d 

1=1 

Ef,A^)= E (( n ^'/3,.,b(i^.('r^')V'fc,.('r.)))-Fi(det/3-l)V'fc,,(detr') n<^-(det/3)""0M(/3))' 
/3eL\\D+poo / deE / 

Proof. We take Fi?-^^ to be the automorphic form Gk,u,^i,fj, in Equation 
(!29|) . The lemma then follows immediately. ■ 
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Remark 17. Similarly to the discussion in |Kat78l Section 3], we may 
generalize the statement of Lemma [12] to the case of locally constant 
functions F and having image in any O^-algebra R (in which case 
Ep^fj^ is an automorphic form over R). 

Suppose now that F is a continuous function satisfying Equation 
fl3T|) supported on (Ok ® TjpY and that /i is a continuous function on 
T(r) extended by to all of TIv^t.^Ev ^ ^ Then there is a 

V ' 

copies 

p-adic automorphic form Ep^^ obtained via the (^-expansion principle 
and an argument similar to the proof of |Kat78t Theorem (3.4.1)]. 
The g-expansion coefficients of Ep,^ are essentially p-adic limits of q- 
expansion coefficients of automorphic forms Ep^^^. with Fi, locally 
constant and Fj satisfying Equation (I3T]) . When (x and F are locally 
constant, this automorphic form is defined over Ok and is just the 
image of the automorphic form from Lemma [12] under the canonical 
map from the space A{k^p^ ^,0k) of weight k,v automorphic forms 
on ]QSh{W) into the space V of p-adic automorphic forms (viewed as 
sections on the Igusa tower). 

Thus, it follows that for any continuous functions F supported on 
{Ok^'^pY satisfying Equation f l3T]) (for some integers k and v) and 
/i supported on Ows^e^ x •■■ x Op"^ with values in an Oi^-algebra R, 

^ V ' 

copies 

we obtain a p-adic automorphic form Ep^^^ defined over R whose q- 
expansion coefficients are limits of g-expansion coefficients of some au- 
tomorphic forms Ep.^fj_. for some locally constant Fj's and /Xj's. 

Remark 18. When F and /i are locally constant Q- valued functions, 
Ep^^ is just a sum of the analytically defined Eisenstein series discussed 
earlier. 

2.2.13. Hecke characters of type Aq, viewed p-adically. Let 
be a Hecke character of type Aq, so on K, 

x.(«)--(n(i)'(2)*') 

with k and d(a) in Z for all a. Note that on K, 
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defines a p-adic character that extends continuously to a (p-adically) 
continuous Qp- valued character on K Qp. So we can define a p-adic 
Hecke character on the finite ideles 

(32) X = U xv ■■ k'^Wk'^ q; 

by 

Xv = Xv, iiv \p 

--(-(n(^r(r))' 

Note that the restriction of x to A^^'°° x (^Ok x '^pY gives a p-adic 
character 

When we make the shift 

X ~^ X) 

we shall refer to "shifting to p." 

Example 19. Let v = (z^(cr))o-es ^ Let x be a Hecke character of 
type Aq and whose conductor divides p°° and whose infinity-type is 

Let 

i^=nx., 

where x is defined as in Equation (132|) . Then F(e) = 1 for all e e O^, 
and 

(33) 

fc 

If X' = xMi/Q, then 
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3. Differential Operators 

Throughout this section, let /c € Z, and let d = (d(a))aeT,,T^ = (i^(o"))(Tes 
with rf(cr), i^(<7) e Zi, d(a) > 0, for all a. We write k - d,v - d to denote 
(A; - d{a))„<,Y., {v{a) - d(a))aes- 

We briefly review the most important details of certain differential 
operators that will allow us to p-adically interpolate special values 
of the Eisenstein series Ek^^, (normalized by a period), including cer- 
tain cases where the Eisenstein series is non-holomorphic (for example, 
Ek,u{z] h, X, fJ-, s) with s 1^ as well as the case where k is no longer an 
integer) . 

Since these differential operators are discussed in thorough detail in 
[Kat78| IShi84l IShi97l IShi00llEisT2] . we use this section of the paper to 



summarize only the basic properties necessary for this paper. 



C°° differential operators. There is a differential operator Di 



that acts on C°°-automorphic forms on "H^ and satisfies: 
where 

creS i=l j=l 

In particular, 
(34) 

Di^y (Ek^y {^z; h, X, ^' 2 )) " (^^^(^ " ^^^^ ' '^n,d,k)Ek+2d,u-d (^z; h, x, fJ-, - J 

(where E^^u is defined as in Section [2.2. lip . 

The operator is a special case of the C°°-differential opera- 
tors (often called "Shimura-Maass" operators) studied extensively by 
Shimura |Shi84[ IShiQTl IShiOO] (and also studied algebro-geometrically 



in |Eisl2] ). It is the operator that would be denoted D'^llk+i, ^^^^-u in 
the conventions of |ShiOO[ Equation (12.17)] (generalized from SU {r]) to 
U{r]), since |ShiOO] only deals with special unitary groups) and |Eisl2| 
Section 6]E It is also the operator that would be denoted Dk{det'^) in 
the conventions of |Shi97| Lemma 23.5], and it is the generalization to 
U(r]n) of the operator Af in |ShiOOl Equation (17.20)]. 



^Note that there should be a 27ri on the right-hand side of |Eisl21 Equation 
(3.29)]. The reason for this is explained at the beginning of |Har81[ Section 4.4]. 
Correspondingly, the C°° -differential operator in |Eisl2] is actually a power of 27r? 
times Shimura's differential operators discussed in |Shi001 IShi97j . 
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Differential Operators and Pullbacks. As demonstrated in Equation 
fl5^ . these differential operators change the weight of the automorphic 
forms to which they are apphed. Correspondingly, they also change 
the weight of the pullback of such an automorphic form to U{V) x 
U{V). A precise description of the affect of differential operators on 
the automorphy factors of pullbacks is given in |Shi97[ Sections 23.6- 
23.9]. 

j9-adic differential operators and their action on g-expansions. 

By Theorem IX. 3 in [Eisl2j applied in the special case of scalar- valued 
automorphic forms, there is a p-adic differential operator that acts 
on p-adic automorphic forms (viewed as functions on ordinary abelian 
varieties with PEL structure corresponding to the choice of Shimura 
data and a particular moduli problem, i.e. as sections over the corre- 
sponding Igusa tower, as discussed in |HLS06] and |Eisl2] ) whose action 
on the g-expansion of a p-adic automorphic form / with g-expansion 
/(g) = tf3a{l3)q^ is given by 

(35) (e'^fXq) = j:(Yl^(det/3Y(Aa{(3)q^. 

Relationship between certain values of C°° and p-adic Eisen- 
stein series. Let R be an O^-algebra in which p splits completely, 
together with embeddings 

i^: R^C 

ip-.R^Ro :=hmi?/j9"i?. 

n 

As explained in |Kat78j (for Hilbert modular forms) and in |Eisl2] 
(for automorphic forms on U{n,n)), the above differential operators 
can be used to relate certain values of C°°-automorphic forms to values 
of p-adic automorphic forms. We now apply results from these papers 
to relate special values of the p-adic and C°° Eisenstein series discussed 
earlier in this paper. 

Denote by L the lattice c K2n_ xhe i?-valued points of icSh{R) 
parametrize tuples A consisting of an abelian variety together with a 
polarization, endomorphism, and level structure (as discussed in |Eisl2t 
Section 2.2]). For each i?-valued point of icSh(R) corresponding to an 
abelian variety A, denote by w^^^ an ordered basis over R for the sheaf 
of differentials w^^^ (where cu^/^ = ^a/r ® —a/r usual sheaf of 

one-forms on A over R, as in |Eisl2t (2.2)]). 

For each point g e G{Q)\X x G(Aj)//C (identified with the C- valued 
points of icSh{C) as above), let z = goo^, and denote by A{g) the tuple 
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such that A(g) is the tuple (dependent upon L) in |Eisl2[ Section 
2.3.2] consisting of a complex abelian variety with PEL structure. Let 
io^{g) denote an ordered basis over C for io^,^ such that we have an 
equality of lattices Pz(L) = L(A(g) , of^^^^g)) £ C^". The precise defini- 
tions of Pz, Pz{L), and L{A{g),ur^i^{g)) are tedious and unnecessary 
here; they are discussed in detail in |Eisl2l Section 2]. 

3.0.14. Comparison of certain values ofC°°- and p-a.dic-Eisenstein se- 
ries. Now suppose y4 is a tuple over R together with an ordered ba- 
sis io^^pi^ over R, such that there is an i?-submodule Split ( A/ i?) in 
Hjyj^^A/R) inducing a splitting over R 

u J, ® Sp\it{A/ R) ^ Hhj,{A/R) 

giving an isomorphism such that H\j^{AI R)^ £ ^a/_r ® Split(a;/^), si- 
multaneously satisfying Conditions (|) and (X) of |Eisl2] . namely the 
image of the inclusion Split ( A/ i?) ®r C ^ iif^(-A^",C) is the the anti- 
holomorphic differentials and the image of the inclusion Split 
Rq ^ {^^^'^^'^ , Rq) is the the unit root subspace of H^{^j^^^^'^ ,Rq). 
(i.e. A is a CM abelian variety.) 

Now, let g e G{Q)\X x G'(Aj)//C, and suppose that A(g) is the 
extension by scalars to C of a CM abelian variety A over R together 
with w^^^ and Split(A/i?) satisfying Conditions (f) and (|) (explained 
in the previous paragraph). Let Q"^ e GLn(C)^ satisfy 

over C, and let e GLn(i?o)^ satisfy 

over Rq, where ur^^^^ is the basis with this notation in |Eisl2t Section 5]. 
(For the results in the current paper, the precise definition of u)^an 
unnecessary.) Then by application of the main results on algebraicity 
in |Eisl2j . 

det(n+)-('=+''+'') dct(n-)(''-'') det(z - n (27ri)"''<"^1'n,d,fcD(l, K, b,p, k)'^ Ek+2d,.-d (z; h, x, ^i, 

(36) = dct(c+)-('=+'^+'" dct(c-)(''-'*)e''Gfc,,.,^,^(A). 

(In [EHLSj . we explain how to choose CM periods Q"^ and uniformly 
for all CM abelian varieties at once. For the current paper, however, 
this will not be necessary.) 
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Since we started with functions on groups, we conclude this subsec- 
tion by reminding the reader of the simple relationship 

Eu,2d,.-d [z- h, X, ^) = fg:'''''-''{i)Ef{m{h)g^), 

where h € GLn(A°°) and g^^, ^ such that Qoo^ = z. 

Highest weights and higher dimensional representations. The 

differential operators discussed above are a special case of certain dif- 
ferential operators that map the Eisenstein series to automorphic forms 
whose weight is a representation of dimension > 1. (See, for example, 
[ShiOO] for a description of these more general operators in the C°°- 
case. The author's thesis, |Eisl2] . is the reference for these operators 
in the p-adic setting.) 

This special case covered in the present paper is sufficient for p- 
adically interpolating certain special values of non-holomorphic Eisen- 
stein series E^y^z^h^x^l^^s) with s not necessary | and k not neces- 
sarily an integer (but rather a S-tuple of integers). This is enough for 
both |EHLS] and for the current state of homotopy theory. 

In |Eis] ■ we use these operators to generalize the results of this paper 
to automorphic forms of non-scalar weights. We obtain a similar result 
to Equation flMj) but with '^n,d,k replaced by a number in terms of 
the highest weight of a given representation. The results of this paper 
naturally generalize to the setting of |Eisj . but for simplicity, we have 
divided them into two portions. 

Lie theory. There is a Lie-theoretic approach to the C°°-differential 
operators that might be more natural in the context of automorphic 
forms on adele groups. (See, for example, the appendix to |ShiOO] .) We 
have used the above approach due to the fact that there are currently 
no references for a p-adic analogue of the C°°-Lie-theoretic differential 
operators. The author hopes to fill in this gap in the literature in the 
near future. 

4. A p-ADic Eisenstein measure 
Let T(r) be as in Equation ( l30l) . Let 

g = ({OK®'LpY IOl)>^T{r), 

where denotes the closure of in {Ok ^I^pY- Let V denote the 
space of p-adic automorphic forms, as above. From any Hecke character 
X, we obtain a p-adic character x in the notation of Equation (132|) by 
shifting to p. 

Recall that in Sections 12.2.111 through 12.2.131 we introduced Eisen- 
stein series and Ep^^j^ whose g-expansions were shown in Equations (!29l) 
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and (l33l) to be 

EFA<l) = Y.ii n P/3,.,b(i^(vr.))]-F(detr')iVi^/Q(det/3)->^(/?)]g^. 

Theorem 20 (An Eisenstein measure). There is a continuous V -valued 
measure dcj) on Q such that 

for all locally constant characters fi on T{r) and Hecke characters 
X with infinity type tpk,!/ = OcreE'^ '^(a) conductor dividing p°° , 

k 

where x' -xH'k/q- 

Proof. From the expression of the Fourier coefficients in Example [I9] 
and the discussion at the end of Section 12.2.121 it immediately follows 
that there is a V-valued measure d(f) on Q given by 

f{F,ij)d(P = EF,^, 
jg 

for each continuous Ocp-valued function F on (^(Ok ® '^pY /O"^) ex- 
tended by to Ok ® and each continuous Oq -valued function /i on 
T(r). The theorem now follows directly from Equation ( l35l) and Ex- 
ample [19] (together with the g-expansion principle), by taking F = x. 
u 

As a direct corollary of Theorem [20], we obtain: 

Corollary 21. Let R be an Ox-suhalgehra of Ocp- For each point A 
consisting of an ordinary abelian variety with PEL structure (i.e. a 
point of the Igusa tower) defined over R, together with a choice of basis 
for ui = u^lj^, there is a Ocp-valued measure d(f){A,ui) on Q defined by 

fiF,fi)d(f>{A,u) = Ep^^{A,ui) 
Jg 

for all Ocp-valued continuous functions {F,fi) on Q. 

Technically, the above theorem and corollary were valued in the p- 
adic automorphic forms restricted to points of the Shimura variety 
for which miW^^p^h^) = e M(AP'°°). However, the above results 
naturally generalize to the ring of p-adic automorphic forms even after 
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we remove the restriction m(Yl^_^p^hy) = £ M(AP'°°). Thus, we 
generahze Theorem [20] and Corollary [2T] to obtain measures on 

g' ■.= UxT{r), 

where U is the idele class group H{p°°) the maximal abelian ex- 
tension of K of conductor p°°. We identify {(Ok <8) l^p)"" /C^) with its 
image in U and note that U/ {{Ok i^l^pY /O^^ is finite. 

Corollary 22 (Improvement of Theorem [2U]) . There is a continuous 
V-valued measure dcj) on Q' such that the q-expansion of 



is 9'^GkM,x',fj.(*^Q) ~ -^x,M-n<T6EO"''^'^^ ^) f^''^ locally constant char- 



acters /i on T(r) and Hecke characters x with infinity type tpk,!^ = 

Oo-es 0" (f conductor dividing p°° , where x' '■= x\'\k/q- The 

first variable • denotes a point of M(AP'°°). 

Proof. Apply Lemma [9] and Theorem [201 ■ 

Theorem 23 (p-adic interpolation of special values of C°°-Eisenstein 
series). Let d = ((i(cr))o-£E ^ one? let R be an Ok subalgebra of C 
such that there is also an injection R '-^ Ro - lim Rjp'^R. For each 

CM point A(g) defined over R corresponding to a point g e Sh(C) and 
satisfying conditions (f) and (/) as in Section \3. 0. 14 . 

det(c+)'=+^+'^ det(c-)-(''-'^) 

det(0+)fc-+<^det(J]-)-(-'^)Z)(n,i^,b,p,A;)^"'"'''-''(^^'4pi^'''^ 2 j 

for all locally constant characters /i on T(r) and Hecke characters 
X with infinity type tl)k,u = Ylaes<^'^{^) ^f^d conductor dividing p°° , 

k 

where x' '■= x[\k/q ^ ^ 

Proof. This follows from Theorem [2U] and its corollaries, together with 
Equation ( 136]) . ■ 
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